Coriolis effect on water waves

Benjamin MELINAND*
October 2015

Abstract

This paper is devoted to the study of water waves under the influence of the gravity
and the Coriolis force. It is quite common in the physical literature that the rotating
shallow water equations are used to study such water waves. We prove a local
wellposedness theorem for the water waves equations with vorticity and Coriolis
force, taking into account the dependence on various physical parameters and we
justify rigorously the shallow water model. We also consider a possible non constant
pressure at the surface that can be used to describe meteorological disturbances such
as storms or pressure jumps for instance.

1 Introduction

1.1 Presentation of the problem

There has been a lot of interest on the Cauchy problem for the irrotational water waves
problem since the work of S. Wu ([32] and [33]). More relevant for our present work
is the Eulerian approach developed by D. Lannes ([17]) in the presence of a bottom.
Another program initiated by W. Craig ([10]) consists in justifying the use of the many
asymptotic models that exist in the physical literature to describe the motion of water
waves. This requires a local wellposedness result that is uniform with respect to the
small parameters involved (typically, the shallow water parameter). This was achieved
by B. Alvarez-Samaniego and D. Lannes ([4]) for many regimes; other references in
this direction are ([27], [28], [16]). The irrotational framework is however not always
the relevant one when dealing with wave-current interactions or, at larger scales, if one
wants to take into account the Coriolis force. The latter configuration motivates the
present study. Several authors considered the local wellposedness theory for the water
waves equations in the presence of vorticity ([9] or [20] for instance). Recently, A. Castro
and D. Lannes proposed a generalization of the Zakharov-Craig-Sulem formulation (see
[34], [11], [12], [1] for an explanation of this formulation), and gave a system of three
equations that allow for the presence of vorticity. Then, they used it to derive new
shallow water models that describe wave current interactions and more generally the
coupling between waves and vorticity effects ([8] and [7]). In this paper, we base our
study on their formulation.
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This paper is organized in three parts : firstly we derive a generalization of the Castro-
Lannes formulation that takes into account the Coriolis forcing as well as non flat bottoms
and a non constant pressure at the surface; secondly, we prove a local wellposedness
result taking account the dependence of small parameters; Finally, we justify that the
rotational shallow water model is a good asymptotic model of the rotational water waves
equations under a Coriolis forcing.

We model the sea by an incompressible ideal fluid bounded from below by the seabed
and from above by a free surface. We suppose that the seabed and the surface are
graphs above the still water level. The pressure at the surface is of the form P + P
where P(t,-) models a meteorological disturbance and P is a constant which represents
the pressure far from the meteorological disturbance. We denote by d the horizontal
dimension, which is equal to 1 or 2. The horizontal variable is X € R? and z € R
is the vertical variable. H is the typical water depth. The water occupies the domain
Q= {(X,2) e R | —H+b(X) < 2z <((t,X)}. The water is homogeneous (constant
density p), inviscid with no surface tension. We denote by U the velocity of the fluid,
V is the horizontal component of the velocity and w its vertical component. The water
is under the influence of the gravity g = —ge, and the rotation of the Earth with a
rotation vector f = %ez. We assume that we are under the f-plane approximation which
means that f is set to a constant value. Finally, we define the pressure in the fluid
domain by P. The equations governing the motion of the surface of an ideal fluid under

the influence of gravity and Coriolis force are the free surface Euler Coriolis equations
1

1
U+ (U-Vx,)U+2fx U= —;VX,ZP — ge, in €y, )
div U =0 in €y,

with the boundary conditions

{atc—U-Nzo, )

Uy - Ny =0,

v —Vb v \Y
where N = ( ) C), N, = ( ) ) U= (W> =Up,—; and U = (WZ) =Up— -

The pressure P can be decomposed as the surface contribution and the internal pressure
P(t, X,z) = P(t,X) + Preg + P(t, X, 2),
with P,_c = 0.

Remark 1.1. In this paper, we identify functions on R? as function on R3. Then, the
gradient, the curl and the divergence operators become in the two dimensional case

"We consider that the centrifugal potential is constant and included in the pressure term.



arf _azAQ
Vx.f= 0 |,curlA=|0,A1 —0,A3|,divA=0,A1+0,A3.
azf _azAQ

In order to obtain some asymptotic models we nondimensionalize the previous equations.
There are five important physical parameters : the typical amplitude of the surface
a, the typical amplitude of the bathymetry apoii, the typical horizontal scale L, the
characteristic water depth H and the typical Coriolis frequency f. Then we can introduce
four dimensionless parameters

H2
,ﬁ abOtt B= T and Ro—faLw J (3)

where ¢ is called the nonlinearity parameter, 8 the bathymetric parameter, y the shal-
lowness parameter and Ro the Rossby number. We also nondimensionalize the variables
and the unknowns. We introduce (see [19] and [23] for instance for an explanation of
this nondimensionalization)

X’:E /_Z /_C Y = b /_VgHt
L’ Abott L 7
T 5 ()
V' = — Pl=—andP = —.
g al’ pga pgH
In this paper, we use the following notations
v)lé",z’ - (V%ZV’XI> ’ curl” = v)'ué’,z’ X divt = V)lz",z’ e (5>
We also define
_(VEVYY L _
" ( W ) W = ﬁcuI"l“UH’ Ut =U0,_ 0 Uy =Ul_ g (6)

and

Notice that our nondimensionalization of the vorticity allows us to consider only weakly
sheared flows (see [7], [30], [26]). The nondimensionalized fluid domain is

Q= {(X,2) e R | 14 8Y(X') <2 <el'(Y, X))} (8)
Finally, if V = (xl) € R?, we define V by V*+ = <_VV2>. Then, the Euler Coriolis
2 1

equations (1) become



€ 1L / 1 - 1
9y UM + % (U V. ) U+ R—‘/Oﬁ ( v ) ST (VP> — -V P = cesin @,

.y b—0in Q)
dlvx/,Z,U =0in 3,

with the boundary conditions

1
¢ — =U"- N =0,
H (10)

Uk NE =0,

In the following we omit the primes. In [8], A. Castro and D. Lannes derived a formu-
lation of the water waves equations with vorticity. We outline the main ideas of this
formulation and extend it to take into account the Coriolis force; even in absence of

Coriolis forcing, our results extend the result of [8] by allowing non flat bottoms. First,
applying the curl” operator to the first equation of (9) we obtain an equation on w

&
uRo

Furthermore, taking the trace at the surface of the first equation of (9) we get

8tw + % <UM ' v‘;rz) “@= %w . VLfX,zUM + azUu' (11)

O+ e (V- V) U 4 Y ( XL> S (VOP> L (?) ! (0.7) _ A" (12

g 9

Then, in order to eliminate the term (9;P),_.. N*, we have to introduce the following
quantity. If A is a vector field on €2, we define A as

1
A// = ﬁAh + €AUVC,

where Ay, is the horizontal component of A, A, its vertical component, A = A|,_. and
Ap = A|.—_1 - Notice that,

Ax Nt =/ _A{L . (13)
- —E\/ﬁA// -V(¢

Therefore, taking the orthogonal of the horizontal component of the vectorial product
of (12) with N#* we obtain

atU/7+VC+%V ‘U;/“Q—;MV [(1 +62M|VC|2) wﬂ +e <w-N" + Ri

O

> Vi = -VP. (14)

Since U/‘/‘ is a vector field on R?, we have the classical Hodge-Weyl decomposition

1
SR A TR VAR U7

f A Yy ~ Y (15)



In the following we denote by ) := X - U/’; and 1) == U;/‘ (2). Applying the operator
X to (14), we obtain

\Y 1
2 - . CNH L v = =

hp+C+ = ’ ‘ ( +e2u|V¢| )w +ex Kw N +RO>V] P. (16)

Moreover, using the followmg vectorial identity

K % CNM = L. e
(VXJ « U )|Z:€< Nt = pvt Ul (17)
we have

A= (w- N"). (18)

We can now give the nondimensionalized Castro-Lannes formulation of the water waves
equations with vorticity in the presence of Coriolis forcing. It is a system of three
equations for the unknowns (¢, ¥, w)

1
9, ¢ —=U" - N" =0,
I

E _ 2 Y CNH LN YA 1
8ﬂ/}+§+2’ ’ 2 (1+5 M\Vd)w +ex [(wN +RO>V } P, (19)
£ (ur.wm I (T
8tw+u<U Vi) w= (w VXZ)U +—=0.U",
where U* := U¥[e(, Bb] (¢, w) is the unique solut1on in H'(Q) of

curl U = pw in Qy,
div* U* =0 in Qy,
il 2
U/’/‘:V@b—i-%(g-]\”‘), (20)
Uy - Nj' = 0.
We add a technical assumption. We assume that the water depth is bounded from below
by a positive constant

EIhmin>0 75C+1_5b2hmin- (21)

We also suppose that the dimensionless parameters satisfy

Elumax,0<,u§,umax,0<€§1,0<B§1andRi§1. (22)
O

Remark 1.2. The assumption ¢ < Ro is equivalent to fL < \/gH. This means that
the typical rotation speed due to the Coriolis force is less than the typical water wave
celerity. For water waves, this assumption is common (see for instance [25]). Typically
for offshore long water waves at mid-latitudes, we have L = 100km and H = 1km and
f=10""Hz. Then, £, =10""1.

2We define rigorously these operators in the next section.




1.2 Notations

-If A € R3, we denote by Ay, its horizontal component and by A, its vertical component.

IV = (27/1) € R?, we define the orthogonal of V by V* = <_VV2>'
) 1

- In this paper, C (+) is a nondecreasing and positive function whose exact value has no
importance.

- Consider a vector field A or a function w defined on €. Then, we denote A = Ao X
and w = wo ¥, where ¥ is defined in (39). Furthermore, we denote A = A|._.. = A|,_,
W= Wjz=¢¢ = W|2=0 and A, = A\z:—l—‘rb’b - A\z:—l: W = Wie=—14b = W|z=-1-

-If s € R and f is a function on R%, |f| . is its H*-norm and |f|, is its L?-norm. The
quantity ||y ke is W (R%)-norm of f, where k € N*, and |f|} its L°(R%)-norm.

- The operator (, ) is the L?-scalar product in R?.

-If N € N*, A is defined on 2 and A = Ao X, ||A]|~ and ||A|| 4~ are respectively the
HY(S)-norm of A and the H™ (Q)-norm of A. The LP-norm are denoted I-1l,,-

- The norm ||-|| ;s is defined in Definition 2.10.
- The space HZ(R%), H*(R%) and Hy(divh,Q) are defined in Subsection 2.1.
- If f is a function defined on R?, we denote V f the gradient of f.

- If w is a function defined on Q, Vx ,w is the gradient of w and Vxw its horizontal
component. We have the same definition for functions defined on S.

- The operators |D|, B and A are Fourier multipliers in &’ (Rd) defined by

. R D
BT = 13(6) B = o and A= /14 DP

- In the following M is a constant of the form

1
My = C (s . €l 8900 10 ) (23)

hmin

1.3 Existence result for the water waves equations

The main result of this article is Theorem 3.6. It is a wellposedness result for the system
(45) which is a straightened system of the Castro-Lannes formulation (19). This result
extends Theorem 4.7 and Theorem 5.1 in [8] by adding a non flat bottom and a Coriolis
forcing. From Theorem 3.6, we get the following wellposedness result for System (19).

Theorem 1.3. Assume that N is an integer large enough, that the initial data, b and
P are smooth enough and that the initial vorticity is divergence free. Assume also that
Conditions (21) and (53) are satisfied initially. Then, there exists T > 0, and a unique
solution to the water waves equations (19) on [0,T]. Moreover,



. To Ty o1 1
T = min , with — = ¢,
<max(575» ﬁ) |VP|L§°H§> To

sup |C(8)|gn + 1P| -y + (Ol gv-1(q,) = ¢,
t€[0,T]

where ¢/ is are constants which depend on the initial conditions, P and b.

This theorem allows us to investigate the justification of asymptotic models in the pres-
ence of a Coriolis forcing. In the case of a constant pressure at the surface and without
a Coriolis forcing, our existence time is similar to Theorem 3.16 in [19] (see also [4]);
without a Coriolis forcing, it is as Theorem 2.3 in [23]. Notice finally that Condition (53)
corresponds to the Rayleigh-Taylor criterion (see for instance [19]). Ebin ([15]) showed
that if this condition is not satisfied, the water waves equations are illposed.

2 The div-curl problem

In [8], A. Castro and D. Lannes study the system (20) in the case of a flat bottom
(b = 0). The purpose of this part is to extend their results in the case of a non flat
bottom.

2.1 Functional Analysis framework

In this paper, we use the Beppo-Levi spaces (see [14])

Vs >0, H*(RY) = {f € Lio(RY), Vf € Hs‘l(Rd)} and || ;7. = [V gamr .

The dual space of H*(R%)/R is the space (sce [6])

H_*(RY) = {u € H*(RY), 3v € H*(RY), u = | D U} and ||, = " .

- [ D] -1
Notice that H'(R%)/R is a Hilbert space. Then, we can rigorously define the Hodge-Weyl
decomposition and the operators %- and %-. For f € L*(RY)?, u = % - f is defined as
the unique solution, up to a constant, in H* (]Rd) of the variational problem

/vu-w:/ f-Vo , Vo e HY(RY).
R4 R4

The operator %- can be defined similarly. Then, it is easy to check that the operators

VTL- and VA—l~ belong to £ (HS(Rd)d, HSH(Rd)), for all s > 0.



Let Q be a domain in R™! with a Lipschitz boundary. The subspace of L?(2)3 of
functions whose curl is in L?(Q)? is the space

H(curl", Q) = {A € L*(Q)?, curl"A € L*(Q)%}.
The subspace of L?(Q2)? of divergence free vector fields is the space
H(divh, Q) = {A € L*(Q)%, div'A =0} .
Remark 2.1. Notice that A € H (div(),Q) implies that (A jgq - n) belongs to H_%((?Q)
and A € H (curl”, Q) implies that (Ajgq x n) belongs to H_%(OQ) (see [13]).

Finally, we define Hy(divhy, ) as

_1
Hy(divh, Q) = {A € H(div},Q), A, - N}' € H, 2(Rd)}.
Remark 2.2. We have a similar equation to (17) at the bottom

1
p (v;;’z x U“) CNE = VL (V4 Bw, Vb)

|z=—1+5b
hence, in the following, we suppose that w € Hb(divg, Q) .

It is important to notice that, if w € Hy(divj, ), the quantity %(wb . le) makes sense
and belongs to L? (]Rd).

2.2 Existence and uniqueness for the div-curl problem

In this part, we forget the dependence on t¢. First, notice that we can split the problem
into two parts. Let ® € H?(2) the unique solution of the Laplace problem (see [19])

AY ®=0inQ,

_ wooh —
(I)‘Z:&‘C - ¢, (Nb 'VX’Zq))|z=fl+ﬁb =0

(24)

Using the vectorial identity
(Vi.0) =V
i
it is easy to check that if U* satisfies (20), U’ =ur— Vi @ satisfies

(curl* U = pw in €y,

div U" =0 in Q,

_ L (25)
Y
U, = N (w - N*)at the surface,

U, - N} =0 at the bottom.

8



In the following we focus on the system (25). We give 4 intermediate results in order to
get the existence and uniqueness. The first Proposition shows how to control the norm
of the gradient of a function with boundary condition as in (25).

Proposition 2.3. Let ¢, b € W2>(R?), A € H(divh,Q) N H(curl*, ). Then, for all
C € H' (RY?, we have

/V)‘é JA:VE C :/curl“A:curl“C—i—(l”’[sC](A),C>
Q ) K

; bt~ IR Gy
(26)
where for B € H: (R2)3 and for n € W2 (Rd),
_(VEVB, — (V- V) Bﬁ)
v = (VY | o

Furthermore, z'fJ € H%(Rd) and

Ap - NJ' =0 and Ay :VLJ,

we have the following estimate

2
|74 A|[ <lleurt “AJ3 + 1C (e Clupaces B1blwace) (A + [Aon3)

1+ VADIVE| |\/1+ VDA,
2

+ MC (Mma)u € ’C’W%XH 6 ‘b‘WQ»‘X’>

2
(28)
Proof. Using the Einstein summation convention and denoting Vi = (9,84, 9% )7 a
simple computation gives (see Lemma 3.2 in [8] or Chapter 9 in [13]),
[VHAJ2 = [leurl Al 2 + [|div A2 + / WAOUA — ntAOEA. (29)
o

— —
In this case, 02 is the union of two surfaces and n* = + \/1/7V77)7 where 7 is the

corresponding surface. Then, one can check that (see also Lemma 3.8 in [8]),

/{ n;‘?ja;fAi A A= Mg (2viv Ay — (V0 V) AL, (30)
z=n

where A, := A,_,. The first part of the Proposition follows by polarization of Equations
(29) and (30) (as quadratic forms). For the second estimate, since A, - N} = 0, we get
at the bottom that



/{anjﬁé;;}Az 7TL;LAJ81HA1:72/]R[$ﬂ (abebrayAby +8ybAby6TAbr +83ybAbTAby) 7Az\/ﬁdiVXAbh
z=—1+

=—uB / 02b A}, + 02b Ap, + 202,b Apy Ay
Rd

At the surface, since A;, = \/EVL{/; —&/pA,V(, we have

/ DA AG — A OF A =2 / 11 (0aCA, Oy Ay +0,CA, Op A, 02 CALA, )+l (ApVx) A,
{emecy R

— e [ AZ03C -+ AO2C — 20,0, 02,¢ + A2 [026 + 03]

. QEM%A%h : VL(V& vg).

Then,

3 ol e
QWQ/R;A}L v <V¢ VC)‘S?SM‘\/T\/MAh

and estimate (28) follows easily from Lemma A.1.

v (5579

The second Proposition gives a control of the L?-norm of the trace.

Proposition 2.4. Let ¢, b € WH>®(R?), A € H(divy, Q)N H (curl”, Q) and ¢ e H (R%)
such that

Ap - NJ' =0 and Ay= VLJ.
Then,

~|2
A+ ol < ([ V[, + eart ATl AL ) (31)

Proof. Using the fact that 0,A, = — (curl “A)ﬁ +/IVx Ay, we have
/’Ah|2 :/ |Abh|2 + 2/ 0. Ay - Ay,
Rd R Q
—/ ’Abh|2_2/ (curl”A)ﬁ-Ah—i—Q\/ﬁ/ VxA, - Ay
Rd Q Q

= [ Al -2 [feurl A0t - Ap+2 [0.8,A,+ 207 ( [5(vb-a0) A
R4 Q Q R4

- / <ev<-Ah>Av>,
]Rd

10



where the third equality is obtained by integrating by parts the third integral and by
using the fact that divFA = 0. Furthermore, thanks to the boundary conditions and
Equality (13), we have

eV (VAR A, = ViV - Ay — AP and By (Vb Apy) Ap, = Af,.

Then, we get

AR+ 1A =2v7 [ V408, +2 [ (cul"A); Ay, (32)
R R
and the inequality follows. O

The third Proposition is a Poincaré inequality.

Proposition 2.5. Let (, b€ W (R?) and A € H(div}, Q) N H(curl*, Q) such that

Apx N/' =0 and A - N* = 0.

Then,
|A[l; < CleC = B0+ 1| oo ([|curlAll, +[|0-All5) . (33)
Proof. We have
IA(X, )] = |Ay(X)]? + 2/ d.A(X,s) A(X,s)dXds.
s=—1+8b(X)

Then, the result follows from the following lemma, which is a similar computation to
the one in Proposition 2.4.

Lemma 2.6. Let (,be WH*(RY), A € H(divl), ) N H(curl”, Q) such that

Ay x N}' =0and A - N* =0.
Then,

A3 + [Asl5 < C[leurl *All, ||All,. (34)
O

Finally, the fourth Proposition links the regularity of @Z to the regularity of wy, - NJ'.

Proposition 2.7. Let ¢,b € W1(RY) be such that Condition (21) is satisfied and let
w € Hy(divy,Q). Then, there exists a unique solution i) € H%(Rd) to the equation
Ay =w - N* and we have

)

~ 1
)VdJ‘Q </pC <7 el¢ly1e0 » B ’b|W1,oc> <H°‘JH2 +

hmin

wb~leL)

il

11



and

~ 1 1 1 L
‘\/ 1 + \/HDV’(/)L S \//TLC<hm1n, g ‘C'Wl«w 5 ﬁ blwl,oc> (|W|2 + ﬁ ’m ((Ub . Né ) 2) .

Proof. The proof is a small adaptation of Lemma 3.7 and Lemma 5.5 in [8]. O

We can now prove an existence and uniqueness result for the system (20) and (25).

Theorem 2.8. Let (, b€ W™ (Rd) such that Condition (21) is satisfied, 1) € s (]Rd)
and w € Hy(divh, Q) . There exists a unique solution U = UH[eC, Bb](v, w) € H! ()
to (20). Furthermore, UM = V)’é,zé + curl”A | where ® satisfies (24) and A satisfies

curlcurl? A = pw in Uy,
divFA = 0 in €,

.7\/}';L X Ab = 0,

NH.A =0, (35)
1

(curl*A) , = VT (w- NH),

L Ni? . (Curl #A)|Z:—1+ﬁb - 0

Finally, one has

1 1
[UHl, < ViC (umax, e (. |b|Wm) (Mwnz n ]% N+ mwu) ,
(36)
and
" " 1 1 "
19,07, < 0 (e e i g ) (Bl g5 o5 010 )
(37)

Proof. The uniqueness follows easily from the last Propositions. The existence of ® and
the control of its norm are proved in Chapter 2 in [19]. We focus on the existence of a
solution of (35). The main idea is the following variational formulation for the system
(35) (we refer to Lemma 3.5 and Proposition 5.3 in [8] for the details). We denote by

xX={CeH"'(Q),divFC=0,A-N*=0and A, x N}' =0},

and Q; the unique solution in H'(R?) of A@Z = w -+ N#. Then, A € X is a variational
solution of System (35) if

\V/CGX,/CUFI#A'CUFI#C:M/W'C+M V?,Z'C//a (38)
Q Q R4

12



The existence of such a A follows Lax-Milgram’s theorem. In the following we only
explain how we get the coercivity. Thanks to a similar computation that we used to
prove Estimate (28) we get

2
V4 A|| < lleurl “AlS + 1C (¢ [TCy2oe, B1Fblyzc) (JA + 1A0]3)

Then, thanks to the similar computation that in Proposition 2.4 and Proposition 2.5 we
obtain the coercivity

1
1all, + ||V%.4]|, <€ (Mmax, e lClyane . B yb|W2,oo) curl“All,

hmin

Then, we can easily extend this for all Cin {C € H' (Q), C- N* =0 and C, x N}' =0}
and thanks to the variational formulation of A we get

Gl By ) (ulloll + V93], ).

hmin

||curl*All, < C <,Umaxa

Using Proposition 2.7, we get the first estimate. The second estimate follows from the
first estimate, the inequality (28), Proposition 2.4, Proposition 2.6 and the following
Lemma.

Lemma 2.9. Let (, b€ Wh® (Rd) be such that Condition (21) is satisfied. Then, for
allu € H' (),

\\/1 T Dl + ‘\/1 T Dy
2

Proof. The proof is a small adaptation of Lemma 5.4 in [8].

1
, <C <hmina5|<|wlm 7ﬁ|bwl,m> (HV)’QZU ‘2 + HUHQ) .

2.3 The transformed div-curl problem

In this section, we transform the div-curl problem in the domain {2 into a variable
coefficients problem in the flat strip S = R? x (—1,0). We introduce the diffeomorphism
2,

S — Q
Y02 e (X2 40X, 2)), (39)

where

o(X,2) =z (eC(X) — Bb(X)) + e¢(X).

In the following, we will focus on the bottom contribution and we refer to [8] for the
other terms. We keep the notations of [8]. We define

13



U e, gt () = 0% = (VEV) — 0tz o —wor

and

—ViNe
v;(-j’l; = (Jz_l)tv)lé7z7 Where (Jz_l)t — <Idd>(d 1+afo. ) .
0 7os
Furthermore, for A = Ao},

curl”A = (curl” A) o ¥ = Vg x A, div?#A = (div" A) oS = V- A.

Finally, if A is a vector field on S,
1
A=ApL_0, Ap=A—and Ay = ﬁAh + €A, V(.

Then, U is the unique solution in H'(S) of

curl” U¥ = pw in S,

diveH UF =0 in S,

UMZV@Z)—{—V—L(w'N“) on {z =0} 40)
7 A ’

U)'-Nl'=0on {z=-1}.

We also keep the notations in [22]. If A = A o X, we define

i . 1
- %az, i€ {x,y,t} and 07 =

FA=0;AoX i€ {tx,y, z}, 0 =0 —1+6zaaz.

Then, by a change of variables and Proposition 2.3 we get the following variational
formulation for U#. For all C € H(S),

[veopevi o
S

(14 0.0)w-curl””C + /
s

Rd

v -c- [ i),
(41)
where P (%) = (14 0.0) J5' (J5') and

) N (ﬂvwlzn - /‘% (Vin-V) VILZ”> i

) (U7,
( _Mv : V|z:n

lz=n

In order to obtain higher order estimates on U¥, we have to separate the regularity on
z and the regularity on X. We use the following spaces.

14



Definition 2.10. We define the spaces H5*

Hk(S) = ﬂ HZZ<—1,O;H§_Z (Rd>> and |u| s = Z ‘Asfjagu‘z.
0<I<k 0<I<k

Furthermore, if o € N?\{0}, we define the Alinhac’s good unknown

V(o) = 0% — ewd*( and gy = 9. (42)
This quantities play an important role in the wellposedness of the water waves equations
(see [2] or [19]). In fact, more generally, if A is vector field on S, we denote by

A@) =0"A = 0%007A , Ag)=A , A, =0%A —€0"C07A and Ay = A. (43)
We can now give high order estimates on U¥. We recall that My is defined in (23).

Theorem 2.11. Let N € N, N > 5. Then, under the assumptions of Theorem 2.8, for
all0 <1 <1and 0 <1<k <N —1, the straightened velocity U*, satisfies

Ak
198,00, < bt (B0l + 3 (Bl + ol + 5 o 5F)
1<|a|<k+1
Proof. We start with [ = 0. We follow the proof of Proposition 3.12 and Proposition 5.8
in [8]. Let k € [1, N — 1], a € N? with |a| < k. We take C' = 0?*U* in (41)®) and we

get

2

/V)‘ézU“ - P () VE 0*UH = u/
S I k)

(14 0.0)w - curl®*9?* U+ + /Z”[&?C] (UH) - g2y
S

R4
- / 1M1Bb] (UY) - 9%*UY.
R4
We focus on the bottom contribution, which is the last term of the previous equation.
Using the fact that w, = pSVb - Vy, we have

(=Dl [ 1188 (Uy) - 6*U, = / 240"V, - V), = 150" [(va V) Vﬂ s
R Rd

- /2u2/3aawvz;-vb)-aavb — 1250° [(va.v) Vﬂ A
Rd

- / 2128 (Vb)! - 9°VV, - 99V, — B [(va V) aavﬂ -V,
Rd

I

+ /2;35 0%V, Vb] Vi, - 0%V, — Bu? [0%, (Vb V)] Vi - 9*V,.
R4

Iz

3A. Castro and D. Lannes explain why we can take such a C in the variational formulation.
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Then, a careful computation gives

|| =

28 [ DO Vi) + 0V + 28 [ 0BV 07V,

1 2
< /J,C (6, ?76 |C|Wl,oo 75 ‘b’W27°O> HaO‘Uy’Hg + 6 Hv)lé’zaaUﬂ)L
2

<o (st 6w ) [0 s

hmin Hk—1
where 6 > 0 is small enough and where we use the following Lemma.

Lemma 2.12. Let (, b€ Wh™ (Rd) , such that Condition (21) is satisfied. Then, for
allu € H'(S) and 6 > 0,

1
2 2 2 2
luly + uply < C (& hi-’g IClyieo B b|W1,oo> [ull3 + 0 []02ul]3 -

min

Furthermore, using Lemma A.3 and the previous Lemma, we get

|I2| < CuB |Vl gries [Uf] g [0°T3 |,

<10 (852 e B oy 81900 ) [72.0%[_ 5[0t v

min

For the surface contribution, we can do the same thing as in Proposition 3.12 and
Proposition 5.8 in [8], using the previous Lemma to control 9%w. Finally, for the other
terms, the main idea is the following Lemma (which is a small adaptation of Lemma
3.13 and Lemma 5.6 in [8]).

Lemma 2.13. Let ¢ the unique solution of A = w - N* in HY(RY). Under the as-
sumptions of the Theorem 2.8, we have the following estimate
J

Gathering the previous estimates with the estimate without the bottom contribution in

Proposition 5.8 in [8], we get
)+MN‘ ‘A’“*V)’é’ZU“
2

and the inequality follows by a finite induction on k. If [ = 1, we can adapt the proof of
Corollary 3.14 in [8] easily. O

~ Ak:
pvii| <y (MW " “n (- NI

k

A
||aav“w|2<uMN<w|H1+Z|w@ ot (- NE)

)
2
1<|a|<k+1 ¥

16



Remark 2.14. Notice that for k > 2, we have

Ak
B
thanks to Lemma A.5, Lemma 2.9 and Lemma A.4.

(ws - N3)

1 1
<C 7umaX76‘Vb‘Hk+1 HwHHk,l + = (wb-NéL)
2 hmin 513

)

2.4 Time derivatives and few remarks about the good unknown

This part is devoted to recall and adapt some results in [8]. Unlike the previous Propo-
sitions, adding a non flat bottom is not painful. That is why we do not give proofs. We
refer to section 3.5 and 3.6 in [8] for the details. Firstly, in order to obtain an energy
estimate of the Castro-Lannes water waves formulation, we need to control 9;U*. This
is the purpose of the following result.

Proposition 2.15. Let T > 0, ¢ € C' ([0,T], W»> (Rd)), b € W2 (Rd) such that
(21) is satisfied for 0 <t < T, ¢ € C! ([O,T],H% (Rd)> and w € C* <[O,T],L2 (S)dH)
such that V)’ég cw=0 for0<t<T. Then,

B, (U™#[=C., B8] (4. )) = U [=C. B8] (B — ewdi + E\/ﬁ% (wntanc) o7w)
+ 0rod7 (UM7[eC, Bb] (¥, w)) -

Furthermore, for N > 5, UF = U%*[e(, Bb] satisfies

VIO |y + [0V U] < pmax (M, 90 n-1)
AN—2

gy

(0ran - N

)

Secondly, in the context of water waves, the Alinhac’s good unknowns play a crucial role.
N. Masmoudi and F. Rousset remarked in [22] that the Alinhac’s good unknown Ué‘a)
is almost incompressible and A. Castro and D. Lannes showed that the curl”* of U¥ o
is also well controlled. This is the purpose of the following Proposition. We recall that
Ué‘a) is defined in (43).

Proposition 2.16. Let N > 5, ¢ € HN(R?), b € L® N HNTY(R?) such that Condition
(21) is satisfied and w € HN~Y(S) such that Vo - w = 0. Then if we denote by
U¥ = UM [e(, Bb], we have for 1 < |a| < N,

(yqsatw\Hl + Z B0y |, + 110ww| [ rn—20 + ’

1<|a|<N-1

2

+ Bl +Y By + ol gr-aa +

wp - N“)
1<|a|<N ’m

17



|vie- vt

o, I fe
2+ HVX’Z % U(O‘) po sz

< (e, ) e Mov |19+ B

1
2+HWHHmaX(|a\—1,1)+ ’ (wb . le)

1<]a’| <o ¥ 2
and
1 1
Py < M | 1Bl go + —~ [wxut||, + el N_1+‘ wp - N
‘ ()‘2 H \/ﬁ1<a’|z<oz|—l (@)]]4 H ‘13( b) )

Furthermore, we can control [Be)|,s by U¥ and w.

(21) is satisfied and w € H*'(S) such that Vo* - w = 0. Then,
b )
K RY A

Proof. The proof is a small adaptation of Lemma 3.23 in [8]. O

Proposition 2.17. Let N > 5, ¢ € HN(RY), b € L>® N HVTY(RY) such that Condition
1
Rl < M (= (W50, 3] )y + ol + [ o0 5)

Finally, we give a result that is useful for the energy estimate. Since the proof is a
little different to Corollary 3.21 in [8], we give it. Notice that the main difference with
Corollary 3.21 in [8] is the fact that we do not have a flat bottom.

Proposition 2.18. Let N > 5, ( € HN(]Rd)’ be L™N HNH(Rd) and w € HN’l(S)
such that Vo -w = 0. Then, for k = x,y, |y| < N — 1, a such that 0% = 0,0" and ¢ €
H%(]Rd), we have

;Bm N

X
2

Hlwll g+

1
<907 IuakU?,y)'NM>§ My ’mw}[l +Z “43@/}(@/)

1<’al|§|a|

J

1
Bl + | —T=——=¢
[ > | VT+ D]
where we denote by UF = U [e(, Bb].

Proof. Notice that when ~ # 0,

UL = Ul — 000,07U.

)
Then, using Lemma 2.9, it is easy to check that

18



|
L0 00 7UF - NH) < My |- Hv“ U“‘ .
(4!7 00y >_ N 1+\/ﬁ|D|(p X,z 2

2

Furthermore, using the Green identity we get

(600 %)= [0+ 0.0 I VREVE [ (14 0.0 U W01+ (6, (VL) )

where ¢f =y (z\/mD\) i and x is an even positive compactly supported function equal
to 1 near 0. Then, using the fact that U‘b‘ . leL = 0 and the trace Lemma, we get

(e (Uf), M) = ((VAIDDg , 0°UL - Nff = B0 (97U%), - V')
= (X(VAIDD)¢ , nB Vb, 0% - Vy = BO°b(87U*), - N}')
< My (VEIU |l g + 10"l g22) (VI DDl

Therefore, using Proposition 2.16, Theorem 2.11 and the following Lemma (Lemma 2.20
and Lemma 2.34 in [19]) we get the control.

Lemma 2.19. Let ¢ € H%(Rd) and x an even positive compactly supported function
equal to 1 near 0. Then,

1

VIt vaDl”

Ix (=D ll, < C and ||V4 . (x(vaIDD )|, < OBl

2

O]

3 Well-posedness of the water waves equations

3.1 Framework

In this section, we prove a local well-posedness result of the water waves equations. We
improve the result of [8] by adding a non flat bottom, a non constant pressure at the
surface and a Coriolis forcing. In order to work on a fixed domain, we seek a system of
3 equations on (, ¥ and w = w o X. We keep the first and the second equations of the
Castro-Lannes formulation (19). It is easy to check that w satisfies

Hw+ = (U“ : v;“) w=" (w : v"ﬂ) Uk 4+ = goun (44)

U V2 U X,z /LRO z ’

where U# = U%#[e(, 5b]. Then, in the following the water waves equations will be the
system

19



1
0¢— UM N =0,

Dup+C+ = ’U/’ 77(1 22 V) w? +5Z [(wwﬂ v Pi()) VL} - P (45)
9w+ = (U“ vy )w—% (w-vgH) U+ ﬁagw.

The following quantlty is the energy that we will use to get the local wellposedness

2

N (¢, w) = |QHN+-|m¢up+- > \m¢mﬁ§ 5 @il + 5

1<|a|§N

wb-Né‘)

I

2

2|y

where we recall that () is given by (42). For T' > 0, we also introduce the energy space

BY = {(¢0,w) € ([0.7], HARY) x H*(R?) x HX(S)) , V(¢ v,w) € LX(0,T]) }

We also recall that My is defined in (23). We keep the organization of the section 4 in
[8]. First, we give an a priori estimate for the vorticity. Then, we explain briefly how we
can quasilinearize the system and how we obtain a priori estimates for the full system.
The last part of this section is devoted to the proof of the main result.

3.2 A priori estimate for the vorticity
In this part, we give a priori estimate for the straightened equation of the vorticity.
Proposition 3.1. Let N > 5, T >0, b€ L N HYt (R and (¢,,w) € EY such that
(44) and Condition (21) hold on [0,T]. We also assume that on [0,T]
1
o¢ — —U%H[eC, Bb] - N¥* = 0.
n

Then,

d 2

1
ﬁ@wwl+%www)

3
2

-+ max (5, %) 5N(§,w,w)) .

) < My (€V(6,w)

2

Proof. We denote U7 [e(, pb] = UH = (\/vﬁvv) We can reformulate Equation (44) as

Ow+e(V-Vy)w+ %a@zw = % (w VX”Q u# + 6“U“

where

20



Notice that a = ap = 0. Then, we get

1 2 1
O [|w|l3 = 5/ (VX-V+ aza> w4 = <w . V;‘;) U¥ - w+ R—@;’U“wu,
s T 7 0

and

A ;c(l,e [l 8 |b\W1,w)( |94 & vl el

hmin
[ E—
+ g | [0 el ).

where we use the fact that

[UH - N¥| oo < C (e [Clyproe s B blyyroe) (110:UH] o + v [[U¥] o) -

The estimate for the L?-norm of w follows thanks to Theorem 2.8, Theorem 2.11 and
Remark 2.14. For the high order estimates, we differentiate Equation (44) and we easily
obtain the control thanks to Theorem 2.11 and Remark 2.14 (see the proof of Proposition
4.1 in [8]). Finally, taking the trace at the bottom of the vorticity equation in System
(19), we get the following equation for wy, - N!',

O (wp - NI') +eV - <[wb NP+ IH Vb> =0, (46)
and then,
1 2 1 1
Oy %(wb-Nf) 2§25 1+ /u|D| ([wb-Nlﬁ‘—i—Ro] Vb> ) i(wb-Nél) )
The control follows easily thanks to and Lemma 2.9, Theorem 2.8, Theorem 2.11 and
Remark 2.14. O

Remark 3.2. Notice that we can also take the trace at the surface of the wvorticity
equation and we obtain a transport equation for w - N*,

8t(w-N“)+5V-<[w-N“+FiO]V>:0. (47)

3.3 Quasilinearization and a priori estimates

In this part, we quasilinearize the system (19). We introduce the Rayleigh-Taylor coef-
ficient

a:= aleq, Bb](Y,w) =1+ € (O + eV[e(, Bbl(¢,w) - V) w[eC, Bb](¥, w). (48)
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It is well-known that the positivity of this quantity is essential for the wellposedness
of the water waves equations (see for instance Remark 4.17 in [19] or [15]). Thanks to
Equation (12), we can easily adapt Part 4.3.5 in [19] and check that the positivity of a
is equivalent to the classical Rayleigh-Taylor criterion ([29])

iﬂgd (—8273‘2:54) > 0,

where we recall that P is the pressure in the fluid domain. We can now give a quasilin-
earization of (45). We recall that the notation Q’{a) is defined in (43) and 1, is defined
in (42).

Proposition 3.3. Let N > 5, T > 0, b € L N HN+1(RY), P € [ (]R+; AN (Rd)>

and (¢, 1, w) € EN solution of the system (45) such that (,b) satisfy Condition (21) on
[0,T]. Then, for a,y € N® and for k € {x,y} such that 0% = 0,0" and |y| < N — 1, we
have the following quasilinearization

NP = Rl
) Nt =R,

O +eV-9) (Uf) - ex) +00°C = —0°P + B2,

1
(0 +2V - V) 9°C — =0, U,
a (49)

where

[Raly+ [ Ral,+ BRG], < My <max (555 ) £ (G0 + ;\/5N<<,¢,w>) . (50)

Before proving this result, we introduce the following notation. For a € N and f,g €
H1*I=1(R), we define the symmetric commutator

(0%, f,9] = 0% (fg) — g0°f — fO%g.
Proof. Firstly, we apply 9° to the first equation of (45)
1
00%C + eV - VO*( +e0*V - V( — ;E)aﬂ +e[0%,V, V(] =0.
Using Theorem 2.11 and the trace Lemma 2.12, we get the first equality. For the second

equality we get, after applying 0y to the second equation of (19),

0+ O eV - (V9w VO +V )~ ~wd (UF-N)

VJ_ 1
— - . .N# i P
€0 ((w NH* 4+ Ro) V) O P.

Then, applying 97 and using Lemma 4.3 in [8] (we can easily adapt it thanks to Theorem
2.11 and Lemma 2.13) we get
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DO+ 0°C + £V - (97T —ewV O () +0° V)

—EWE)Q(U“N“)—gaaE. w.N#_FL v __804P_|_R§
T A MR ) Y) = &

where EZ is controlled

I

+[BRE| <enneN (G vw). (51)

Using the first equation of (19) and the fact that Ay = w - N*, we obtain
Dyt 0D AV - Vbt 07 Y V4P P = 00 Y (w - NHV)
(@) = VTR A T VNI
—eV- Vo + R2
o Ok
=€ Z (_1)k+1[5 AvVS—k:| (w- N*¥)
ke{1,2}
+R2
= ,ég + E?xv

where 01 = 0, and 02 = 0y. Then, using Theorem 3 in [18], Lemma A.1 and Lemma 2.9

we get
— — \VAS
B3|+ | B3| < eMu|[Vlgga lwll 10 + € [Bp - (w- N49V)
2
Furthermore,
“Bw-(w-N“ao‘V) < ;(w-N“aaV)
I N A N

O (w- N")OTN) | +|F (w- NIV,

1
<[ 7 2

< C(elClgn) lwlgn-2 (V] gn-1 + [BIV]y),

where we use Lemma A.2. The first term is controlled thanks to the trace Lemma 2.12
and Theorem 2.11. For the second term, we have

NV =V — ewV'¢ — ed"wV( + V4T — e [0, w, V],

23



and the control follows from Lemma A.1, Lemma 2.9, Theorem 2.11 and Lemma 2.13.
Then, we obtain

€ v+ =

Oy +a0°C + eV Vo) + 0%+ -V + 0P = Ry,

where .;2721 satisfied also the estimate (51). Finally, we can adapt Lemma 4.4 in [8] thanks
to Remark 3.2, Theorem 2.11 and Proposition 2.15 and we get

_ Ho D
at¢(o¢) = 0 (U(’Y)// ek) + Rom

where R, satisfies the same estimate as Ry in (50). The third equality is a direct
consequence of Proposition 3.1. O

In order to establish an a priori estimate we need to control the Rayleigh-Taylor coeffi-
cient a. The following Proposition is adapted from Proposition 2.10 in [23].

Proposition 3.4. Let T >0, N > 5, ((,¢,w) € EXN is a solution of the water waves
equations (45), P € L®(R*; HN*Y(RY)) and b € L™ N HNTYRY), such that Condition
(21) is satisfied. We assume also that €, 3, Ro, u satisfy (22). Then, for all0 <t < T,

|Cl - 1|W1a°° < C <MN75\/€N(C7 ¢7w)> 5\/5N(C7¢7w) + EMN |VP|L?°H)](V :

Furthermore, if 8, P € L™®(R*t; HY(R®)), then,

Out o < c<MN, VPlemy ,e\/sN(g,w,w)> e\JEN(C 0, w0) + My [V Py

Proof. Using Proposition 2.15 we get that

ale¢, BB (Y, w) =14 &°V - Vw + £0,(0Tw

+ 5W[€C7 Bb] <atw - 5&[547 /Bb] (wa W)atc + 5\/:&% ' (ﬂLat<> aagw> :

(52)
Then, using the equations satisfied by ({,,w), Theorems 2.8 and 2.11, Remark 2.14
and standard controls, we easily get the first inequality. The second inequality can be
proved similarly. O

We can now establish an a priori estimate for the Castro-Lannes System with a Coriolis
forcing under the positivity on the Rayleigh-Taylor coefficient

Famin >0, a > amin. (53)
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Theorem 3.5. Let N > 5, T > 0, b € L 0 HNT2(RY), P ¢ [° (R+;HN+1(Rd)) and

(¢, b, w) € EX solution of the water waves equations (45) such that (¢, b) satisfy Con-
dition (21) and a[eC, Bb] (¢, w) satisfies (53) on [0,T]. We assume also that €, 3, Ro, i
satisfy (22). Then, for all t € [0,T],

d 1
%‘S‘N(Cawaw) <C(/14maxah.75 SN(C7¢7W)>ﬁ |Vb|HN+1 vﬁ |b|L°° ’ |VP|W}°°H}I{V> X

(65N<<7w7w>5’ + max (2,8, == ) E¥¢,4,0) + VP ey 6N<<,w,w)) :

(54)

Proof. Compared to [8], we have here a non flat bottom, a Coriolis forcing and a non
constant pressure. We focus on these terms. Inspired by [8] we can symmetrize the
Castro-Lannes system. We define a modified energy

2

1 1
PN (0.6.0) = 3 (s + |55 (o )

1
+ ) \aa<y§+u/ (14 0.0) [0°U"|?

2 al<3 S

1 2
+ 3" (00,07¢, 0,7¢) + / (14 0,0) lakUQ‘ )‘ )
wts 7
(55)
From Proposition 2.16 and Proposition 2.17 we get

EN(p, ¢w) < C < ,MN> FN@, ¢ w),

min

and from Theorem 2.8, Theorem 2.11, Remark 2.14 and Proposition 3.4 we obtain that

1 /
-FNW? va) S C (hmin 9 B |b|L°° 75 |Vb|HN ) |VP|L;>0H)Z;I ,5 5N(¢a C? w)) 8N(¢a Cv UJ) .
Hence, in the following we estimate %}"N (¥, (,w). We already did the work for the
vorticity in Proposition 3.1. In the following R will be a remainder whose exact value
has no importance and satisfying

1

Ry < C<h-’ﬁ bl oo s BIVO| g s ’VP’WjWH;(V »5\/5N(¢,Caw)> 5N(¢,C,W)- (56)
min

We start by the low order terms. Let o € N%, |a| < 3. We apply 0% to the first equation

of System (45) and we multiply it by ¢. Then, we apply 0% to the second equation and

we multiply it by %Q“ - N#. By summing these two equations, we obtain, thanks to

Theorem 2.8, Theorem 2.11, Remark 2.14 and the trace Lemma,
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1
2

Oy (aac7 aaC) + <8taa¢, laaﬂlﬁ . Nﬂ>+6 <V . 8O‘XJ‘, laagli . N#)
u Ro \ A 1 (57)

1
+ (aap, Lonu N“) <e|R|,.

Furthermore, using again the same Propositions as before, we get

€ Vv ayrL 1 QT o [ 1 QYT " € N
e (A-a v ’;8 U*-N# )+ (8 P,;@ UM N* ) < o= [Rly + My VPl ey JEN (4, ).

Then, we have to link (0;0%9,8“U* - N¥) to 8; [ (1 + 9.0) [9°U¥|*. Remarking that
Y = ¢, where ¢ satisfies

V)’é,z : P(E)V)’gzqﬁ =0in S, (58)
¢‘Z=0 = wu €z P(E)VH¢|ZZ—1 = 07
we get thanks to Green’s identity
1 1 o
(ataaw, —o"Ur - N“) == / (1 + 0.0) VP (8,0%¢) - 9°U*

H K Js '

1 1
+e / (14 0,0) 906V TH - °UH 4 (ata%b, Lorup le).
S bl

Then, notice that 0y = 07 + 000 for k € {t,x,y} and 07 and V;‘Z‘ commute. We
differentiate Equation (58) with respect to ¢ and we obtain thanks to Theorems 2.8, 2.11,
Proposition 2.15 and Lemma 2.38 in [19] (irrotational theory),

1 1
<8t8°‘w, —0“U*t - N“) =— /(1 + 0,0) 0707V p - O°UH
w© wJs '

1

+ <6t6°‘<bb, EBO‘UZ‘ : Ng‘) + max(g, B)R.

Using the fact that w, = pSVb -V, we get
1
(@07 0n, 003 - Y < B0 1007 0n] BV (0.6,

Then, by the trace Lemma, we finally obtain

1

(ata%b, Lo Ng‘) < BIRl,.

Furthermore, remarking that U* = V"¢ + U [e(, Bb] (0,w), we obtain, thanks to
Proposition 2.15, Theorem 2.8 and Theorem 2.11,
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(ata%p, Loy N“) _ ! / (1+ 8.0) 8,0°U* - 9°UH + max (5, B, i) R.
It ws Ro

Using the following identity

at/s(waza)fg:/S(Haza)a;’fw/

(1+8za)f8,§’g+/ €0¢(fg, (59)
S Rd

we obtain that

1 2 3

- aTTH = N

L0 /3 (14 0:0)|0°U"* < max (=, B, = ) [Bl2 + M| VP o [ EY (.G, ).

To control the high order terms of FV (¢, (,w) we adapt Step 2 in Proposition 4.5 in
[19]. Thanks to Proposition 3.3, we have

1
(B +eV-V)d*¢ — ;a,ggf(g) -N* =R},

(O +eV - V) (Q*(‘W/ ' ek) +ado¢ = —0°P + R2.

Then, we multiply the first equation by ad“¢ and the second by %8kﬂu

) N# and we
integrate over R?. Then, using Propositions 2.8, 2.18 and 3.4,

1 feY 1 N
30000600+ (00423 9) (U a0 ) < 8V

5
+ max (5, %) [Rly + MN[VP| oo gy EN(, ¢ w).

(M)

Then, we remark that

1 _ oz E . ag, b, .
(O +eV-V) (Qm// . €k> = (at + MUM \ M) <U(7)// ek)’

where U?# )= V(y) + w(y)Vo. Then, we have

1
n n
<(at +eV- V) (Q(,y)// : ek) s ;akg(v) : N#)
1

o Eur. v b T, p
M/S(l—i-ﬁza) (at +UnY “> (U(W/ ek) vy (akUM)
1

o Lo (o7 Tue ) (ot ) (n0t,)

&Y
1
) b - H . NP
+<(6t—|-€Vb v) (s, ek)b,uak (vz,), Nb>.
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We focus on the last term (bottom contribution). The two other terms can be controlled
as in Step 2 in Proposition 4.5 in [8]. Using the same computations as in Proposition
2.18, we have

(V))b N[ = —pBVob-Vy + Lout,

where l.o.t stands for lower order terms that can be controlled by the energy. Then,
since b € HVN+2(R%), we have by standard controls,

1
’,Uak (U'EL'Y))b ' NéL H% = 6 ‘Vb‘HN""l 5N(¢7C,w)-

Furthermore, using Propositions 2.8, 2.11 and 2.15 and standard controls, we have

|0+ 2Vo- V) (Ul -exc), |y < e IRl + My JEV (6, ),

and the control follows easily. O

;ak (U“

3.4 Existence result

We can now establish our existence theorem. Notice that thanks to Equation (52), we
can define the Rayleigh-Taylor coefficient at time ¢t = 0.

Theorem 3.6. Let A >0, N > 5, b€ L N HV*2(RY), P € WL (R+; HNTY(RY)),
(o, %0, wo) € BY such that V;‘; -wo = 0. We suppose that (g, B, u, Ro) satisfy (22). We
assume also that

I hmin, Gmin >0, €Co + 1 — Bb > hmin and ale¢, Bb] (Y, w) ;_g = Amin
and

Then, there exists T > 0, and a unique solution ({,¥,w) € E¥ to the water waves
equations (45) with initial data (o, Yo, wo). Moreover,

T . Ty Iy
= min ,
max(e, B, &5) ’VP’L,?OH;Q’

" T t€[0,7)

> i =c! and sup EN (C(t),v(t),w(t)) = CQ»

with ¢/ = C (Avﬂma)o ﬁ La |b‘L°° ) ‘Vb‘HNJrl ) ’vP’th’OOH)I(V>'

) .
n’ Omin

Proof. We do not give the proof. It is very similar to Theorem 4.7 in [8]. We can
regularize the system (45) (see Step 2 of the proof of Theorem 4.7 in [8]) and thanks to
the energy estimate of Theorem 3.5 we get the existence. The uniqueness mainly follows
from a similar proposition to Corollary 3.19 in [8] which shows that the operator U%*
has a Lipschitz dependence on its coeflicients. ]
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4 The nonlinear shallow water equations

4.1 The context

In this part we justify rigorously the derivation of the nonlinear rotating shallow water
equations from the water waves equations. We recall that, in this paper, we do not
consider fast Coriolis forcing, i.e Ro < e. The nonlinear shallow water equations (or
Saint Venant equations) is a model used by the mathematical and physical communities
to study the water waves in shallow waters. Coupled with a Coriolis term, we usually
describe shallow waters under the influence of the Coriolis force thanks to it (see for
instance [5], [21] or [31]). But to the best of our knowledge, there is no mathematical
justification of this fact. Without the Coriolis term, many authors mathematically justify
the Saint Venant equations; for the irrotational case, there are, for instance the works of
Iguchi [16] and Alvarez-Samaniego and Lannes ([4]). It is also done in [19]. More recently,
Castro and Lannes proposed a way to justify the Saint-Venant equations without the
irrotational condition([7] and [8]), we address here the case in which the Coriolis force
is present. We denote the depth

h(t,X) =1+ ¢e((t, X) — Bb(X), (60)

and the averaged horizontal velocity

- . 1 e¢(t,X)
V = VI 8. @)t X) = 15 / ey VEGBI@0)0 Xz (61

The Saint-Venant equations (in the nondimensionalized form) are
¢+ V- (hV) =0,
SV V) . (62)
OWV+e(V-V)V4+V(+ £V =-VP.

It is well-known that the shallow water equations are wellposed (see Chapter 6 in [19]
or [4] without the pressure term and the Coriolis forcing and [5]) and that we have the
following Proposition.

Proposition 4.1. Let to > %, s > to+ 1 and (o, b € H*(R?), Vi € H*(RY)L. We assume
that Condition (21) is satisfied by (o, b). Assume also that e, 5 and Ro satisfy Condition
(22). Then, there exists T > 0 and a unique solution (¢, V) € C° ([0 L} ,Hs(Rd)d+1)

 max(,f)

to the Saint-Venant equations (62) with initial data (CO,VQ). Furthermore, for all t <
T
max(e,l)’

1 —
= =chand [C(t) e + [Vt ) o <

hmin

with ¢/ = C <L7 |Col grs » [0l s » }VO‘H5> :
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4.2 Asymptotic expansion with respect to u

In this part, we study the dependence of U* with respect to u. The first Proposition
shows that V is linked to U¥ - N#,

Proposition 4.2. Under the assumptions of Theorem 2.8, we have
Ut Nt =—nuV - (hV) .

Proof. This proof is similar to Proposition 3.35 in [19]. Consider ¢ smooth and com-
pactly supported in R?. Then, a simple computation gives

/ eU! - NHIX = / V. - (pU")dXdz,
R4 Q

= / uVe - VdXdz,
Q

¢
:—u/ ch-(/ V)dX.
R4 z=—1+pb

Then we need an asymptotic expansion with respect to u of U*.
Proposition 4.3. Letty > 4,0 < s <ty, ( € H"*2(RY), be L*N HWt2(RY). Under

the assumptions of Theorem 2.8, we have

_ s~
o (VAV ([ wf - Q) +uiV
pw 7
with

and

~ " 1
HvozHHslﬂywozHHs,l <C <,s\<|Ht0+2 B 1b] o ,5Vsz0+1> IV 0 3| 0521 -

hmin

Proof. This proof is inspired from the computations of Part 2.2 in [7] and Part 5.7.1 [8].
First, using the Previous Proposition, we get that

wzeuVC-X—uV-(hV).

Furthermore, using the fact that U* is divergence free we have
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o,w=—uVyx -V.

Then, we obtain

— €6
W:EMVC'V—MV-(hV)+M/ VxV

s (f),
—1+8b

The control of w follows easily. Furthermore, using the ansatz

V=V+,uVy, (63)
and plugging it into the orthogonal of the horizontal part of curl*U* = uw, we get that

9, Vi = VIVxW — wj-.
Then, integrating with respect to z the previous equation from z to ¢(X) we get

(%)
Vi(X,2) = / Wi (X, 8)ds + Vi(X) + i3 R(X, 2), (64)

S=z

where R is a remainder uniformly bounded with respect to p and

V-V
V== .
=T VE

Integrating Equation (63) with respect to z from —1 + 8 to e( we obtain that

e¢(X)
/ Vi(X,2)dz=0,VX € R%
2=—14+8b(X)

Then, we integrate Equation (64) with respect to z from —1 + b to ¢ and we get
¢ &¢ -
thz—/ / wi + R,
- 2/=—1+4pb J s=z'

where R is a remainder uniformly bounded with respect to p. Plugging the previous
expression into Equation (64), we get the result. The control of the remainders is
straightforward thanks to Lemma 2.9 (see also the comments about the notations of [8]
in Subsection 2.3). O

Remark 4.4. Under the assumptions of the previous Proposition, it is easy to check
that

w=—uVx - ([1+2— ] V) + p2wi,
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with

1
|WﬂimmJ§C<7ﬂﬂmw%5wmmBWme0HVOEMme

hmin
Then, we define the quantity

eC eC
Q-QE A =y [ [ wh

'=—14pb J s=2z'
The following Proposition shows that Q satisfies the evolution equation

atQ+a(V-v)Q+e(Q-V)V+éQL:o,

up to some small terms.

Proposition 4.5. Let T > 0, tg > g, 0<s<ty, 0<pu<1,¢el0,T]; Ho?(RY)),
be L®°NHY2(RY. Let w,V,w € C'([0,T]; Ht2(R%)). Suppose that we are under
the assumption of Theorem 2.8, that w satisfies the third equation of the Castro-Lannes
system (19) (the vorticity equation) and that 8, + V - (hV) = 0, on [0,T]. Then Q

satisfies
2Q+:(V-V)Q+:(Q-V)V+ éQL — /i max (5, é) R,

and

b

min

Hﬁo EHHsl <C (h . ’{‘:‘C‘HtoﬂL2 B ’b’LOO B VthOH) HVO Z:HHtOH’l .

Proof. This proof is inspired from Subsection 2.3 in [7]. We know that wy, satisfies

1
Owp +e(V-V)wy + %W@th =c(wp-V)V+ £ (wv + ) 0, V.

N4 Ro

Using Proposition 4.2 and Remark 4.4 and the fact that w, = V-V, we get

atwh—ks(V-V)wh—EVX-([1+z—6b}V)8zwh:5(wh-V)V—5<VL~V+RO

+ /ptmax (5, %) R,

wi;

where RoY satisfies the same estimate as wioX in (65). If we denote Vg, = f;c w,i doing
the same computations as in Subsection 2.3 [7] and using the fact that 9,(+V-(hV) = 0,

we get

e¢
8tVSh+£(V-V)VSh+5(Vsh~V)V—V. ([1+z—6b]V) +iOV8Lh:\/ﬁmax (a%)/R.

R
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Then, integrating this expression with respect to z and using again the fact that 9, +
V- (hV) =0, we get

— — € 1 € £ =
atQ+€(V~V)Q—|—€(Q-V)V—I—%Q :ﬁmax(s,Ro)/_Hﬂb/z R,
and the result follows easily. O

4.3 Rigorous derivation

The purpose of this part is to prove a rigorous derivation of the water waves equations to
the shallow water equations. This part is devoted to the proof of the following Theorem.
We recall that ¥ is defined in (39).

Theorem 4.6. Let N > 6, 0 < u < 1, ¢,3,Ro satisfying (22). We assume that we
are under the assumptions of Theorem 3.6. Then, we can @ﬁneihe following quantity
wp = Wo © 2_1; W = wo 2_1, VO = V[€C035b](¢07w0)7 V = V[€<,ﬁb](¢,(d), QO =
Q[eCo, Bb] (o, wp) and Q = Q[e(, 5b](¢,w)and there exists a time T > 0 such that

(i) T has the form

T . TO TO d 1 1
= min , and — =c'.
max(e, 8, 7;) [V P|peo gy To
(i) There exists a unique solution (CSW,VSW) of (62) with initial conditions (CO,VO)
on [0,T].
(i1i) There exists a unique solution Qgy, to Equation (67) on [0,T].

(iv) There exists a unique solution (¢, 1, w) of (45) with initial conditions (o, Yo, wo) on
[0, 7.

(v) The following error estimates hold, for 0 <t < T,

‘ (C:V7 \/EQ) - (CSW?VSWa \/IEQSW) ‘LOO([O,t]XRd) < /.LtCQ,

and

}X - v + \/EQ‘L‘”([O,T]XRd) S /’6037

with Cj =C (Avuma)(? % La |b‘L°° ’ ‘Vb‘HNJrl ’ ’vP’th’OOH)I(V>'

) B
min * Gmin

Remark 4.7. Hence, in shallow waters the rotating Saint- Venant equations are a good
model to approrimate the water waves equations under a Coriolis forcing. Furthermore,
we notice that if we start initially with a irrotational flow, at the order p, the flow stays
irrotational. It means that a Coriolis forcing (not too fast) does not generate a horizontal
vorticity in shallow waters and the assumption of a columnar motion, which is the fact
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that the velocity is horizontal and independent of the vertical variable z, stays valid. It
could be interesting to develop an asymptotic model of the water waves equations at the
order i (Green-Naghdi or Boussinesq models) and study the influence a Coriolis forcing
in these models. It will be done in a future work [24].

Proof. The point (i) follows from Proposition 4.1 and the point (i) from Theorem
3.6. Since, Equation (67) is linear, the point (%) is clear. We only need to show that
(C ,V) satisfy the shallow water equations up to a remainder of order u. Then, a small
adaptation of Proposition 6.3 in [19] allows us to prove the point (v). First, we know
that

Elynl & 2 Neo, VI vu . T\oL]
8tw+<+2)U//‘ 2M<1+5 M|VC!>E+€A [(wN + O)V}— P,
and

at(W'N#)+6V~<|:w-N”+1:|V>:0'

Since U;; =Vy + % (w - N*"), we get that

AUl + V¢ + gv \U;;f . iv [(1 + ey \VCE) ﬁ] te <w-N“ + Pi()) vi—_vp

Then, using Proposition 4.3 and plugging the fact that U;‘ =V - ViQ + pR, we get

atV+s(V-v)V+vq+%VL F VP - \/ﬁ(atQ
+e(V-V)Q+e(Q-V)V+ éQl) — _LOR+R,

and using the same idea as Proposition 4.3, it is easy to check that

1

o= om0 Sl <0 (Teldlas 2106l B lsn 81010 )

(Vo El[gar +110:V 0 X | a) -

hmin

Using Proposition 4.5, Theorem 3.6, Theorems 2.8 and 2.11 and Remark 2.14, we get
the result . O
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A Useful estimates
In this part, we give some classical estimates. See [3], [19] or [18] for the proofs.

Lemma A.1. Let u € WH®(R?) and v € H%(Rd) . Then,

\/1+/1|Dlv

Lemma A.2. Let ty > 4, u € Ho*(R?) and v € H2(RY). Then,

|\/A7‘B (UU)|2 <C (,UJmax) |U|W1,oo(Rd) ,

I[B, u] U‘Q <C ’u‘H’fOJrl ’U|2-

Lemma A.3. Let s > % + 1. Then, for f,g € L? (Rd),

|[A57f]9|2 < C‘f|HS |g’HS*1'

Lemma A.4. Lets, s1, s2 € R such that s1+s2 > 0, s < min(sy, s2) and s < 51+82—%.
Then, for f € H*(R?) and g € H%?(R?), we have fg € H*(R?) and

|fg|HS < C‘f|H51 |g|H52 .

1
We also give a regularity estimate for functions in H, 2 (R?).

_1 s 1
Lemma A.5. Let s >0 and u € H, 2(RY) N H‘S*%(Rd). Then v € H, 2 (R?%) and

+ ‘\/1+\/E|D]u

g ‘

‘ 1 1
—u —u
Py B la Hs~1
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